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Abstract 

The three quantum groups dual to the generalized twist deformed Poincare Hopf 
algebras are provided with use of FRT procedure. Their Galilean counterparts are 
obtained by nonrelativistic contraction scheme. 
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1 Introduction 


There are two major approaches to describe the particle kinematics in high energy (trans- 
planckian) regime. The first treatment assumes that relativistic symmetry becomes bro¬ 
ken close to the Planck scale, so that effectively we have to do with some preferred (cosmic) 
frame (see [I] and references therein). In the second approach one assumes that Poincare 
symmetry is still present, but together with the corresponding space-time it becomes de¬ 
formed. The second treatment follows from many phenomenological (see 0,0) as well 
as from formal arguments, based mainly on Quantum Gravity SI-0 and String Theory 
models [7], [8]. 

It is well known that a proper modification of the Poincare and Galilei Hopf algebras 
can be realized in the framework of Quantum Groups 0-mi- Hence, in accordance with 
general Hopf-algebraic classification of all possible deformations of relativistic and nonrel- 
ativistic symmetries [12], [13], one can distinguish three basic kinds of quantum spaces: 

1) Canonical (0 MI/ -deformed) space-time 

[ Xp, x v ] = iO^ ; 9^ = const , (1) 

considered in ra-p. The corresponding twist deformation of Poincare Hopf algebra 
IAq (.P) has been proposed in p3], while its dual quantum group Vg in [16] and [TTj . There 
were also provided two ^"-deformed Galilei Hopf algebras [18] as the contraction limits 
of twisted Poincare group lAg(P). Their dual Hopf structures have been represented in 

ra- 

2) Lie-algebraic modification of classical space 

[x„,x v ] = iO%x p , (2) 

with particularly chosen coefficients 9 P being constants. There exist two explicit realiza¬ 
tions of such a noncommutativity - K-Poincare Hopf algebra U K (P) [2D], |2T] and twisted 
Poincare Hopf structure L^(P) [22] (see also [23]). Their dual partners V K and V\ have 
been discovered in [23j and [22] . respectively. Besides, the so-called K-Galilei group has 
been provided by nonrelativistic contraction of k-P oincare Hopf algebra in [2 53, an d its 
dual quantum partner has been described in [26] . The remaining Galilei algebras and 
corresponding quantum groups were discovered in [IS] and |TD] by various contraction 
schemes of twisted Poincare Hopf structure U^(P) and its dual partner TQ 

3) Quadratic deformation of Minkowski space 

[x,j,x v ]=ie^,XpX T , (3) 

with coefficients 9 P J U being constants. This type of noncommutativity has been proposed 
in [22] as the translation sector of Hopf structure V £. The explicit form of its nonrela¬ 
tivistic counterpart has been provided in [T9] . 
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Recently, there was considered other type of quantum space - so-called generalized 
quantum space-time 

[ Xp, x v ] = id^ u + id^Xp , (4) 

which combines canonical type with the Lie-algebraic kind of space-time noncommuta¬ 
tivity. The Hopf-algebraic realization of corresponding quantum symmetries has been 
proposed in |27j-[29] in the case of relativistic symmetry and in [29] as well for its nonrel- 
ativistic counterpart. 

In this article we provide three Poincare quantum groups Vg kl , K , Vg Qi) k and Ve 0i , R dual to 
the twist deformed (generalized) Hopf universal enveloping algebras Ug khK (P), Ug ouR {P) 
and Ue 0i ,k,(P) proposed in [29] (see Section 2). All of them are obtained by so-called FRT 
procedure [30]. Besides, we find their three Galileian counterparts with use of the well 
known nonrelativistic contraction scheme [31]-[33]. 

It should be noted that obtained in such a way Galilei Hopf structures can be get by 
direct application of FRT procedure as well. However, the contraction scheme used in this 
article has one advantage - it gives more precise information about investigated objects, 
i.e. about the twisted Poincare and Galilei quantum groups as well as about the linking 
contraction between both Hopf structures. The relations between different types of Hopf 
algebras and corresponding dual quantum groups are illustrated on Figure 1. 

The paper is organized as follows. In second section we recall basic facts concerning 
the relativistic Ug khK (P), Ug 0itfi (P), Ug ouR (P) and nonrelativistic U ikh \(G), U^. X {G), 
Uc ai \{G) Hopf algebras respectively. In section three we provide corresponding six (dual) 
quantum groups - three at relativistic level obtained by use of FRT procedure and three 
at nonrelativistic level by the use of contraction scheme. The final remarks are discussed 
in the last section. 


2 Generalized twist deformations of Poincare and Ga¬ 
lilei Hopf algebras 

2.1 Relativistic case 

In this section, following the paper [29], we recall basic facts related with the generalized 
twist-deformed Poincare Hopf algebras Ug kl ^ K (P), Ug 0i)R (P) and Ug ouR (P). All of them 
are described by so-called Abelian r- matrices r v e U.. t .(P) ® U...(P), which satisfy the 
classical Yang-Baxter equation (GYBE) 

[[ r v , r v ]] = [ r v i 2 , r v i 3 + r v23 ] + [ r v i 3 , r v23 ] = 0 , (5) 

where symbol [[ -, ■ ]] denotes the Schouten bracket and for r v = JT a* <g> b ri 

r. t . 12 = eg ® bj ® 1 , r v i 3 = ^ a* ® 1 <g> , r v23 = ^ 1 g> eg ® bj . 
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Becouse the classical r. t -matrices are spaned by Abelian algebra, the corresponding twist 
factors are given by (see 0 -mn 

T... = exp . (6) 

They satisfy the classical cocyclc condition 

•P ,12 ■ (A 0 <8> 1) P v = '-,-23 ■ (1 ® A 0 ) P. , (7) 

as well as the normalization condition 

(e <g> 1) P. = (1 ® e) P, = 1 , (8) 

with P v 12 = P" v ® 1, P v2 3 = 1 <8> P v and A 0 (a) = a®l + l<g)a. 

In accordance with the general twist quantization procedure i-m the algebraic sectors 
of all discussed below Hopf structures remain undeformed (r/ /w = ( —, +, +, +)) 

M po ] = i (rj 

ficr M-vp T}im Mlip + VvpMp,(j ^hipMva) i 

[M pv , P p \ = i (rj vp P p - r)pp P v ) , [P M , P v \ = 0 , (9) 

while the coproducts and antipodes transform as follows 

A 0 (a) —> A. .(a) = P... o A 0 (a) ° Pfi 1 , S'.(a) = u. t . So (a) u~} , (10) 

where So (a) = —a and u.. — Yh /(i)S'o (/(•?)) (we use Sweedler’s notation P.. = /( i) ® 

M- 

Recently, in the article [29], there have been considered three (all possible) types of 
Abelian and generalized twist factor^], generating the noncommutative space-time alge¬ 
bra of type (TT|lP|: 


*) 4a = ex P i 


ii) Pe 0i ,k = exp i 


1 

2k 


Pk A Mjo + 9 k iPk A Pi 


—Po A M k i + 6*ojPo A Pi 


( 11 ) 

( 12 ) 


in) P d0U R = exp i 


2k 


Pi A M k i + 9oi Pq A P; 


(13) 


They lead to the following coproduct sector in the case of deformation Uo kl . K {P) generated 
by the twist factor (fill) 


Ae fei)K (P At ) 


= A 0 (P A1 ) + sinh(^-P fc ) A (r/^P 0 - rjopPi ) 
+ (cosh(^-P fc ) - 1) _L {rjipPi - r] 0 pP 0 ) , 


( 14 ) 


Tndecies fc, l are fixed and different than 
2 a t\b = a®b — b® a. 
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= A o(M fa/ ) A A (ripkPv ~ rivkP^) 

A i [M ^ w , M i0 ] A sinh (P fe ) 

- Mj 0 ], Mj 0 ] A (cosh(-^P fc ) - 1) 

1 1 

+ — M i0 sinh(— P k ) A ( i> k Pi - XkPo) 

Ik Ik 

~ TT (fpkPo ~ XkPi) A M i0 (cosh( — P k ) - 1) 


- Oki[(VkfiPu - Vku Pfi) ® Pi A Pk ® (vikP" - ViuPfi)} (15) 

A 9 kl [(rjiuPy - r}i„ P M ) ®P k +Pi® (Vk^Pu ~ VkuP ,'/*)] 

+ 9 k i [ [M ^, M i0 ] , P k \ A sinh(^- P k ) P x 

- 9 ki [[Mftt,, Mi 0 ], Pi] A sinh (^-P k )P k 

Zk 

A i9 kl [[[M^, M i0 ], Mm ], Pk] A (cosh(-^-P fe ) - 1)P/ 

- i9 kl [[[M^, Mi 0 ], Mi 0 ], P/] A (cosh(^-P fc ) - l)P fc , 

with a ±b = a®b + b® a, ip 7 — Vjplu ~ r hi T hj and X 7 = — ViyVkj- The two 

remaining Hopf structures (JAo 0i , k (P) and Uo 0iiR {P)) corresponding to the twist factors 
QHD and (IT3]) look similar (see [29]) to the coproducts (1T4|) and (TT5|) . For this reason they 
will be omitted in present article. 

Obviously, for the deformation parameter 9 k i approaching zero and parameter k run¬ 
ning to infinity, the above Hopf structure becomes classical. Besides, for fixed (different 
than zero) parameter 9 k i and parameter k approaching infinity, we get twisted (canoni¬ 
cal) Poincare Hopf algebra provided in [IT]. Moreover, for parameter 9 k i running to zero 
and fixed parameter k, we recover the Lie-algebraically deformed relativistic Hopf algebra 
introduced in [22] (see also [23]). 

2.2 Nonrelativistic case 

The corresponding Galilei Hopf algebras U^ kh \(G), U^. ^(G) and U^ ou \{G) can be ob¬ 
tained by direct application of twist procedure (see formula ([TO]) ) or by nonrelativistic 
contraction of deformations f[TT]) - ([T3]h They have been found in [29] with the use of 
contraction procedure which leads to the following algebraic sector 

[Pabj P cd ] ^ (bad P-bc 5/,,/ K ac A bbcPad b ac P bd ) • 

[ K a b , v c ]=i ( 5 bc V a - S ac V b ) , [ K ab , n c ]=i (5 bc n a - 5 ac n ft ) , (16) 

[ K ab , n 0 ] = [ 14 , v b ] = [ v a , nf,] = o , [ v a , n 0 ] = — m a , [n p ,n CT ] = o, 
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and the coalgebraic one 


\hA u o) — Ao(n 0 ) + ^n fc A Ilj , 

\kiA u a) = A 0 (n a ) , A^, A (K) = A 0 (K) , 


(17) 

(18) 


A^;,a(A” afe) — A 0 (A ab) + 7 ^ [ A a6 , Vi ] A n fc + — I; A (5 a fcH& — ^IIq) 

— 6;z [ (^fcan& — Skb n a ) 0 R + n fc 0 (<5/ a n 6 — <5//>n a ) ] (19) 

+ 6cz [ (^zaidf, — 8 ib n a ) 0 n fc + ri /0 (5fc a n fe — 8 kb u a )} , 

where the generators K^, 11^ and Vi are given by 



Pi = II; , Mij = Kij , Mi 0 = cVi , 


( 20 ) 


c 


and 


A = k/c , iki = 0 k i (fz* = Oik) , c - light velocity . 


( 21 ) 


The two remanning cosectors for U^ y \{G) and U^ 0 . \(G) associated with the twist factors 
(Eli and (fT3]i look similar to the formulas (fT7jh(fT9l) (see ra and are omitted in the 
present article. 

Obviously, for deformation parameter £ fc / approaching zero and parameter A running 
to infinity, the above Hopf algebra becomes classical. Besides, for fixed parameter C, k i 
and parameter A approaching infinity, we get twisted (canonical) Galilei Hopf algebra 
provided in [IS]. Moreover, for parameter £ k i running to zero and fixed parameter A, we 
recover the Lie-algebraically deformed nonrclativistic Hopf algebra introduced in [18] as 
well. 

3 Generalized twist deformations of Poincare and Ga¬ 
lilei (dual) quantum groups 

3.1 Relativistic case 

Let us now turn to the Poincare quantum groups Vo kl ,m Pe 0i ,k and Vo 0i ,r dual to the 
relativistic Hopf algebras i), ii ) and Hi) provided in pervious section. 

It is well known that such structures can be obtained with use of so-called FRT 
procedure 09- Hence, in a first step of our algorithm we introduce the quantum R- 
matrices associated with considered Poincare groups. They satisfy so-called quantum 
Yang-Baxter equation (QYBE) 

R12R13R23 — R23R13R12 ; R\2 — Ra 0 Rp 0 1 if R — R a 0 Rp etc , ( 22 ) 

and in the case of twisted algebras, they take the form (see 0 -El) 


R. r — T t . ■ J 7 . 1 — exp (—2ir v ) , (a 0 6) 1 = 6 0 a . 


(23) 
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Particulary, in the standard matrix representation of the Poincare generators 

(M^) a b = Sfas - 5 A vVltB , (P») a b = 5Y b , 

the P-matrices associated with twist factors (TTTl) - (fT3|) look as follow^]: 

“ 1 


*) Re M ,K = 1 ® 1 + i 


K 


-P k A Mi o + 26 k iP k A Pi 


( 24 ) 


(25) 


ii) Re 0i ,k = 1 ® 1 + i 


—Po A M k i + 29 0i P 0 A Pi 

K 


and 


Hi) Ro qu r = 1 ® 1 + i 


—Pi A M k i + 29 0i P 0 A Pi 

K 


(26) 


(27) 


respectively. 

In the second step of FRT procedure we introduce the following 5x5- matrices 



AR 

0 1 


(28) 


where AR parametrizes the quantum Lorentz rotation and denotes quantum transla¬ 
tions, such that 

< AR, M af) > = (ri a i J ‘5i - ri^S a u ) , <aP,P v > = 8^ . (29) 

Consequently, the algebraic part of dual Poincare group is described by so-called RTT 
relation 

R ,T\T 2 = T 2 T 1 R. ! . , (30) 

while the composition law for the coproduct remains classical 

A(T a b ) = T a c ®T c b , (31) 

with Ti = T <g) 1, P 2 = 1 ® T and quantum R -matrix given in the representation (124)1 . 
Using results presented in mi and [22j after insertion of (l25j) . one can write the relations 
(130)1 in terms of the operator basis (A M „, a M ), as follow^ 

i) [ o', a" ] = “o - s% Oi) + Oi - „) + 

- W tl (A“ k \\ - S\ S\) - iMA", - S“ t S\) , 

[ a", A', ] = - V,AoJ . (32) 


3 For matrix representation E71) we have = P p M pT = 0 in the case of commuting generators P p 

and M pT . 

4 Due the linear form of matrices ©-(Eg. one can write the commutation relations for dual groups 
P.,. as the sum of commutators provided in articles m and [22] . 
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[ A'„, K ] = o ■ 

Similarly, if we use second A-matrix ([26]) we get 


it ) [ o', a- ] = - {>») + -[VW* - ,S» + 

+ <9„(A' 0 A", - A-,) + i9 i0 (A' A'„ - 3' 3' 0 ) , 

[ o', A", ] = W 0 (mA\ - ruA ",) + 4- ^A,,) , (33) 

K K 

[A',A' T ]=0. 

In the third case (j27l) one obtains 

in) [ o', o' ) = -V(3Vti - 3> t ) + V‘(3> - S>i) + 

+ <9«(A' 0 A' - 3' 5') + i»„(A' A' 0 - 5' 3' 0 ) , 

[ o', A", ] = jA' („ P A\ - ^A',) + V^A*, - S^f.Aip) , (34) 

1% r\j 

[ A'„, A' r ] — 0 . 

Besides, inserting (1281) in the formula (j3Tj) we get the well-known form of the coproducts 

A,. (A^) = A^ p ® A*, , A.,.«) = A^ 0 a" + ® 1 . (35) 

It should be also noted that all above relations can be supplemented by the classical 
antipode 

S.M^)=K , S V K) =-A^a" , (36) 

and the counit 

e.,(K) = K , e v(° M ) = 0 • (37) 

In such a way we get three types of (dual) quantum groups Vg khK , Vo 0it a and Vg ou a, 
equipped with the following ^-involution 

= , (A^r = A^. (ss) 

Obviously, for parameters 9ki and 9 0i approaching zero, and parameters k, k and R 
running to infinity, the above deformations disappear. Besides, for fixed (different than 
zero) parameters 9ki and 9 0i , and parameters k, k and R approaching infinity, we get 
twisted Poincare group provided in [ITT] . Moreover, for parameters 9^ and 9 0i running 
to zero, and fixed parameters k, k and R, we recover the Lie-algebraically deformed dual 
Hopf structures introduced in [23]. 
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3.2 Nonrelativistic case 

The nonrelativistic counterparts of dual quantum groups presented in pervious subsection 
can be get by: 

a) application of already mentioned FRT procedure, 


or 


b) nonrelativistic contractions of Hopf structures (f32|l - (lM]l . 

Here, we choose the option b). Consequently, we perform the contraction limit of dual 
quantum groups Vg khK , Vg 0u k and Ve 0i ,a in two steps. Firstly, we rewrite the Poincare gen¬ 
erators and in terms of Galileian rotations R l ■, boosts v l and translations (r, b l ) 

m 


A“.= P + £)’ , 


A* — — 
o — ) 

c 


A u ,= 


V k R k : 




(j = b i , a 0 = ct . 

Besides, we rescale the deformation parameters 9ki, #oi, k, « and R as follows (see 
@kl j Coi ^Oi/c j A k/c , A fee , A K . 


(39) 

(40) 

(41) 

(42) 

(43) 
]) 

(44) 


Then, we rewrite the commutation relations (l32j) - (l341) in terms of (new) generators ()39lb 
(j43]l and deformation parameters (jTTl) . Finally, we take the contraction limit c —> oo and, 
in such a way, we get three Galilei quantum groups G^ kh \, G^ 0i x and G$ 0i ,\ dual to the 
Galilei Hopf algebras U^ kh \(G), \ (G) and U^ 0i \(G) provided in |29j. They take the 

form: 

i) [ b m , b n } = jT(5 n k 5™ - S-S m k ) ~ iUR m k R n i ~ n S n t ) + 

~i UR m i R\ - ^ S n k ), 


V ",6 m ] = -(i^iT* i + W, 


(45) 
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[ b m , R\ } = [ r, b m } = [ t, v m ] = [ v m , v n } = 0 , 

[R n n ,BP q ] = [v m ,IP q ] = [T,R n n ]= 0, 
n) [ r,b m } = Us m k h - <57 b k ) + iUR™ + <57) , 

A 

[r,v m ] = Us m k v l -S7v k ), 

A 

[ T, ] = i (6 ln Ri - s kn R”!) + i (r t R ln - 6"iR t „), 

A A 

| b m , R\ ] = lv m (S lq R\ - 5 k ,R\) , (46) 

A 

[ b m , b n } = i£ 0i (v m R\ - R m iV n ) , 

[ b m , v n } = [ v m , ] = [ RT n , R p q } = [ v m , ] = 0 , 

and 

in) [ b m , b n } = j8 ni (l8 m k h - 5™b k ) + j6 mi (8 n t b k - S n k k) + 

+* Uv m R n i ~ R n lv n ) , 

[T,b m } = zUR n l + t 7), 

[ b m , u n ] = j8 mi (8 n lV k - 8 n k v l ) , (47) 

[ b m , R\ } = jR™(8 lq R\ - 8 kq R p l ) + j8 mi (8 p l R kq - 8\R lq ) , 

[r,v m ] — [r, R m n ] = [v m ,v n ] = [R m n ,R p q } = [v m ,R p q } = 0 , 

respectively. The corpoducts, counits and antipodes remain classical. 

Obviously, for parameters £ k i and £o i approaching zero, and parameters A, A and A 
running to infinity, the above deformations disappear. Besides, for fixed parameters £ k i 
and £ 0 i; and parameters A, A and A approaching infinity, we get twisted nonrelativistic 
quantum groups introduced in [T9]. Moreover, for parameters £*.; and £ 0 i running to zero, 
and fixed parameters A, A and A, we recover the Lie-algebraically deformed Galilei Hopf 
structures introduced as well in [[T9] . 


4 Final remarks 

In this article we provide six quantum groups Ve hllK , Ve ou k , Vg ouR and G^ kl ,\, G^ 0i ,\ 

dual to the (generalized) Poincare Hopf algebras Ug kl}K (P ), Ug 0 it k(P), Ug 0 u r(P) and twist 
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deformed Galilei Hopf structures U^ kli \{G), U^. \{G), Ut 0i ^(G), respectively. The rela¬ 
tivistic quantum groups Vg kuK , Ve 0i ,k and Ve 0i ,a were obtained with use of FRT procedure 
[30], while their nonrelativistic counterparts G^ kl ,\, G^ y x and G^ ou \ have been provided by 
the application of well-known nonrelativistic contraction scheme [3Tj-[33j. 

ft should be noted that obtained results can be extended in various ways. First of 
all, one can find with the use of Heisenberg Double procedure i-m, the relativistic and 
nonrelativistic phase spaces corresponding to the above Hopf structures. Besides, it seems 
quite interesting to ask about basic physical models associated with presented here Hopf 
algebras and their dual quantum groups. Such investigations have been already initiated 
in the context of classical and quantum mechanics as well as field theory models (for 
twist deformations ([I])-© see [31] and references therein). The works in these directions 
already started and are in progress. 
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Figure 1: Twisting, contraction and duality procedures. 











